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In this note there are established sufficient conditions for an optimum
in a particular case. It is shown that a part of these conditions is a
condition of the maximum principle of Pontriagin [1 ].

Let us consider the system of differential equations

2= fi o ws w0 i=1,....n M

which describes an automatic control process. Here 2 (), «ouy z,(t) are
parameters of the object, u (), ..., “r(t) are positions of the con-
trolling elements.

It is assumed that the functions f, are continuous and bounded for all
their arguments, and that they have continuous partial derivatives of the
first order with respect to Zis seen Epl Uy oeee, Uyl it is also assumed

that Uy, «e., B, are continuous and satisfy the inequalities

g; {wr, .o, O G=1,...,m 2y

We shall refer to them in the sequel as "admissible controls". Suppose
that the system (1) has the initial conditions

w; (to) = x;° {i=14,...,n (3)

where the x{’ are given quantities.

In[2] it was shown that the problem of optimum control can be re-
duced to the consideration of the system (1) (we shall assume that tke
new variable has already been introduced into (1)) for which it is re-
quired to select up, ee., u, from the admissible controls so that they
will transform the system (1), at the point zg(ty) = 2° in the phase
space, so that the sum
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will take on a maximum (or minimum) value at the given instant of time
t=T.

Let us consider the case when no restrictions are imposed on s seen
x, at t=T. In[3] there is given a formula for the increment of the
value of the functional S when the control is changed:

AS(T) = ), ebay (1)
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Here the Ai(t) are multipliers, and the €, are infinitesimals of
higher order than the first. Under the given conditions we have

Tt
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S, = Z by (2 b, LS bu, ai%)'fi + ) A, (6)
k=1 d i=1
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where the 7, are infinitesimals of order higher than the first.

Let us introduce the function H of the variables s eeen Zp; Al. ey
S TR u; ot
K
=3 L M
i=1
Then Expression (6) will have the form
I "
E he = L.H+ 2 A (8)

i=1 i=1
where L, is an operator,

Obviously, L,H is a quadratic form in the variations 5xj (j =1,
n) and Buk (k=1, ..., r).

a0 ey

We shall now pass to the consideration of the conditions for an
optimum of the control Ut eoes Uy For the sake of definiteness, let us

assume that U, ee., 8, yields a maximum of the functional S(T). Then
for an arbitrary change Suk (k=1, ..., r) we have

AS (T) <0
We shall denote the linear part of the increment AS(T) by 8S8(T).

Since 3 S(T) = 0, it follows from [3 ] that a necessary condition for
an optimum is given by
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OH g k=1,....n (9
Buk
provided that
WL A WG — (=1, n) (103

L

Under the conditions (9) and (10) it follows from (5) and (8) that the
sign of AS(T is completely determined by the sign of the quadratic form
LZH' Therefore, if L,H > 0, the condition that 8S(T) < 0 will be satis-
fied. It is not difficult to state the necessary and sufficient conditions
for the positive-definiteness of the quadratic form L2H when tg <t < T:
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These are sufficient conditions for an optimum under the conditions
(9) and (10).

If the first r conditions of (11) are satisfied then

r r
o<y O*H ’
N W - Ou, b 0
OU = X\ D\ g, ke
s -1 hA=1

On the other hand, the increment AH of the function H due to a change
in the control will have the form
r i3 ,)f
! 97
AH = 8H + 8H 41, oH = :‘ 2_‘ hj m;f duuy
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Here n is an infinitesimal of higher order. This shows that the sign
of AH is completely determined by the sign of 82H. Here 82H > 0. There-
fore, AH > 0. This means that the optimum control corresponding to the
maximum value of the functional S(T) yields a minimum value of the func-
tion H. This fact constitutes the principle of Pontriagin.

In this manner it can be seen that in the given case, when the control
lies entirely inside the region (2), the condition of the principle of
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Pontriagin is a part of the conditions (9) and (10).
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